The motion of the Cartesian diver is studied, both theoretically and experimentally, and interpreted as an example of a fold catastrophe, where the control parameter is the external pressure.
I. INTRODUCTION
The Cartesian diver, an hydrostatic apparatus used by Descartes to illustrate Archimedes' principle, has a long history. It was common in old physics cabinets and remains a nice toy 1 and an interesting demonstration apparatus. [2] [3] [4] A simple do-it-yourself Cartesian diver consists of an eyedropper with air trapped inside its rubber bulb, placed in a large plastic soda bottle containing water. 1 The diver floats, but it sinks if the closed bottle is gently squeezed. If the pressure is decreased, the process is reversed and the diver rises up. This behavior is intriguing because it does not occur with normal buoys. If we keep the pressure constant, a small perturbation of the floating diver gives rise to damped oscillations. However, a large perturbation may drive the diver to a certain depth, below which it sinks completely. This behavior is an additional surprise of the Cartesian diver. It is not observed in the usual toys because the bottle is not tall enough.
In our theoretical and experimental studies the diver is a test tube, with air trapped inside, that floats or is submersed in a closed vessel containing water. The external pressure may be varied with a syringe and measured with a mercury manometer. 5, 6 The pressure determines the equilibrium position of the test tube. By increasing the external pressure, the floating tube sinks at some point. Such behavior may be interpreted in the context of catastrophe theory, 7, 8 with the external pressure as the control parameter. For a sufficiently low external pressure, the diver potential has a local minimum and a local maximum, with the minimum corresponding to the floating position. Increasing the pressure causes the maximum and the minimum to move, and at a critical pressure they merge ͑this point is an inflection point͒. This behavior corresponds to a ''fold catastrophe.''
The Cartesian diver may also be examined from the dynamical point of view, keeping the pressure constant. When the diver performs small oscillations about its floating position, it is in the attraction basin of the potential minimum. However, a large perturbation may force the diver to cross the local maximum and force it to sink. The maximum of the potential corresponds to a critical depth, that is, the depth below which the sunk diver will not return to the surface.
Although the experiments are relatively easy to perform, well-designed equipment is needed, especially to control the pressure. Additionally, the vessel has to be high enough to allow the diver to sink without returning to the surface. We designed an original apparatus that is adequate to study the quantitative aspects of the Cartesian diver in undergraduate courses.
In Sec. II we describe the static equilibrium of the diver based on Archimedes' principle, Pascal's principle, and Boyle's law, and present some experimental results. In Sec. III we discuss the diver's potential in connection with catastrophe theory. In Sec. IV we describe the diver's dynamics based on Newton's law and present more experimental results. The conclusions appear in Sec. V.
II. STATIC EQUILIBRIUM
A tube of length L not completely filled with water ͓see Fig. 1͑a͔͒ is inverted in a large vessel containing the same liquid ͓Fig. 1͑b͔͒. The original length of the air column inside the tube is l 0 . After the tube has been inverted inside the water, lϽl 0 is the new length of the air bubble. We denote by x the coordinate of the tube's upper part with respect to the liquid level ͑this level is practically unchanged͒. If part of the tube is outside the water, as in Fig. 1͑b͒, xϾ0 , and the length of the air column below the liquid surface is ϭlϪx. If the tube is totally immersed in water, xϽ0 and ϭl. In Sec. IV we study the dynamics of the diver and obtain the dependence of x with the time. When the tube is in static equilibrium, xϭx e and ϭ e . If the tube is in static equilibrium with x e ϭ0, as in Fig. 1͑c͒ , ϭ e * .
Let us consider the situation shown in Fig. 1͑b͒ , with the tube in static equilibrium. If we neglect the mass of the trapped air ͑because it is much smaller than the mass of the tube͒ and use Archimedes' principle, we have
is the glass volume, 9 and Aϭ (/4) d int 2 is the internal cross section of the tube ͑d ext and d int are the external and internal diameters of the test tube, respectively͒. The glass density is glass ϭm/V, where m is the mass of the tube, and ϭ1 g cm Ϫ3 is the water density.
In our experiments, the initial pressure ͓see Fig. 1͑b͔͒ is always the atmospheric pressure, Pϭ P 0 ϭ1.013ϫ10 5 Pa. Note that the pressure does not enter explicitly in Eq. ͑1͒, but the equilibrium position x e depends on it ͑because e depends on the pressure͒. By increasing the pressure up to a value P*, the tube is driven to the situation shown in Fig.  1͑c͒ , that is, with its top level to the surface (x e ϭ0). If the pressure is further increased, the tube sinks, as in Fig. 1͑d͒ .
The position x e ϭ0 ͓see Fig. 1͑c͔͒ corresponds to the following air length:
This quantity depends only on geometrical parameters and on the two densities. It does not even depend on l 0 . If x e ӶL ͑as was always the case in our experimental conditions͒, the term in parentheses in Eq. ͑1͒ is approximately unity, and we conclude that e Ϸ e * ͑as we experimentally observed for our tubes͒.
If we assume that the air inside the tube behaves as an ideal gas, and that the temperature is the same in cases ͑a͒ and ͑b͒ of Fig. 1 , we have, according to Pascal's principle and Boyle's law,
so that
From Eq. ͑3͒ with x e ϭ0 ͑then Pϭ P*͒, we have P 0 l 0 ϭ͑ P*ϩ e *g͒ e * .
͑5͒
In our experiments we always had e gӶ P and, in such a case, the last term in Eq. ͑5͒ may be neglected in comparison with the previous one, yielding
In Table I we give the data for different tubes and compare the measured lengths, e * , with the values resulting from Eq.
͑2͒.
The two values agree within the experimental uncertainty. In Table II we compare the ratios P*/ P 0 obtained from the measured air lengths in a particular tube, as given by Eq. ͑6͒, and from direct pressure measurements. Again, we find good agreement.
III. DIVER POTENTIAL AND THE FOLD CATASTROPHE
When the tube is in static equilibrium, xϭx e is given by Eq. ͑4͒. If the equilibrium is disturbed, a vertical force appears. From Archimedes' principle, the force is given by
AgϩV͑Ϫ glass ͒g, xр0. ͑7͒
On the other hand, assuming constant temperature, Pascal's principle and Boyle's law yield
and the dependence ϭ(x) is obtained from
where aЈϭg, bЈϭ Pϩ͉x͉g, cЈϭ ͭ PxϪ P 0 l 0 , xϾ0
͑the other root has no physical meaning͒. If we substitute Eq. ͑9͒ into Eq. ͑7͒ and integrate, we obtain the potential: Fig. 1 . Schematic of our Cartesian diver experiment. ͑a͒ Tube partially filled with water at atmospheric pressure. ͑b͒ Tube inverted in a large vessel, where the pressure can be controlled. Our 1 m high vessel had a cylindrical shape with a diameter of 15 cm. The pressure was regulated with a syringe and measured with a mercury manometer. ͑c͒ Tube in static equilibrium with its upper part at the same level as the water in the vessel, a situation that may be achieved by increasing the pressure. ͑d͒ By further increasing the pressure the tube sinks. Table I . Data for various floating tubes. Given are the length, mass, internal and external diameters, the glass mass density, and the air length when the top of the tube is in equilibrium and level with the water surface ͓see Fig. 1͑c͔͒ . CGS units are used. Results from Eq. ͑2͒ are compared with direct measurements ͑expt͒. Table I . Given are the initial air length, l 0 , the pressure increment with respect to the normal atmospheric pressure, ⌬ P ϭ P*Ϫ P 0 , needed to bring the tube to the position x e ϭ0 ( e ϭ e *) ͓Fig. 1͑c͔͒, and the ratios l 0 / e * and P*/ P 0 ͓the first given by Eq. ͑6͒ and the second by direct measurement͔. U͑x ͒ϭ
where C 1 and C 2 are chosen so that U(x e )ϭ0 and U(x) is continuous across xϭ0, respectively, and f (x) is given by
The potential is shown in Fig. 2 for various pressures. For sufficiently low pressures the potential has a local minimum at a small positive x value, and a local maximum in the negative region at x nr ͑the no return point͒. For xϾ0 the potential is approximately quadratic. As the pressure increases up to a critical value, the maximum approaches and merges into the minimum at xϭ0, which is an inflection point. Thereafter the potential becomes a monotonic increasing function of x. For such a critical pressure, P*, a static floating diver is obliged to sink. For PϽ P*, the diver may perform oscillations around the local minimum, but if it crosses the no return point, it is bound to sink.
We may interpret the diver's behavior in the framework of catastrophe theory. The fold catastrophe models the behavior of systems of a single variable and a single control parameter. The generic form of the fold catastrophe potential is U(x)ϭx 3 ϩax, where a is the control parameter. 8 For these systems there is a discontinuous transition when the control parameter becomes larger than a critical value, a*ϭ0. For aϽa*, the potential has a local maximum and a local minimum. The system has a stable equilibrium point at x e ϭͱ͉a͉/3 ͑minimum of U͒ and an unstable equilibrium point at x e ЈϭϪͱ͉a͉/3 ͑maximum of U͒. In the region ϪϱϽx ϽϪͱ͉a͉/3, there are no equilibrium positions, and x e Ј is a no return point. For suitable initial conditions, the system remains in the region xϾx e Ј , and if there is a slight friction, it goes eventually to the minimum ͑with no friction, the system oscillates around the minimum͒. Keeping the control parameter fixed, the system reaching the region xϽx e Ј ͑with zero or negative velocity͒ will never return to the region xϾx e Ј . At the critical value of the control parameter, the maximum and the minimum merge to an inflection point. Beyond the critical value, aϾa*, there are no equilibrium states: U(x) is an increasing function of x.
The Cartesian diver shows a similar behavior, where ⌬ P ϭ P 0 Ϫ P* plays the role of the control parameter. If the pressure is kept fixed, but the temperature changes, 4 a similar behavior may be observed, the temperature now being the control parameter.
The fact that, in practice, all Cartesian divers are inside a vessel with a finite height allows us to explore another point, namely the ''constraint catastrophe. '' 10 Suppose that the vessel is only 0.4 m high ͑ours is 1 m high͒. The critical pressure for the diver ͑initially in static equilibrium͒ to sink is 1.07P 0 ͑see Fig. 2͒ . So, for higher pressures, the diver sinks and remains at the bottom of the vessel ͓as in Fig. 1͑d͔͒ . Suppose now that we decrease the pressure. At some value of P, the slope of the potential U(x) becomes negative for xϭ0.4 m and the diver comes to the top. For the data of Fig. 2 , this pressure is 1.026P 0 . If the vessel is high enough, such a pressure does not exist, and there is no way to bring the diver to the top by external control of the pressure.
Finally, let us mention that, had we maintained the air bubble at constant size, which may be done by closing the tube at stage ͑a͒ in Fig. 1 , for example, with scotch tape, Fig. 2 . Cartesian diver potential, Eq. ͑11͒, for a tube of type 2 ͑see Table I͒ with l 0 ϭ7 cm, for various pressures. The no return point, x nr , is indicated for normal atmospheric pressure, P 0 . The critical pressure is P*ϭ1.07 P 0 .
before inverting the tube in the vessel, the tube would oscillate around its equilibrium position without any catastrophe. In this case the potential has an absolute minimum.
IV. DIVER DYNAMICS
We now consider the dynamics of the Cartesian diver for fixed pressure. Because friction is present, Newton's second law is expressed as
A͑x ͒gϩVgϪV glass gϪbv, xр0, ͑13͒
where a frictional force proportional to the velocity v ϭdx/dt ͑b is the friction parameter͒ was added to Eq. ͑7͒. It is enough to consider a frictional force linear in the velocity because the velocities are always small. Equation ͑13͒ was integrated using an intermediate step algorithm: [11] [12] [13] v nϩ 1/2 ϭv n ϩa n ⌬t 2 , In our experiments x e Ӎ0, so that the diver was generally submersed, ruled by the second equation of ͑13͒. As the diver sinks, the air size decreases, and the force in Eq. ͑7͒ may become negative. If
͓see Eq. ͑2͔͒, the force acting on the diver points down and the tube keeps sinking. The no return depth, ͉x nr ͉, may be obtained from the second equation of ͑8͒, making xϭx nr and ϭ e * ͓value of when Fϭ0, see Eq. ͑15͔͒:
͑16͒
At the initial stage ͓Fig. 1͑b͔͒, we always have Pϭ P 0 . Hence, using Eq. ͑6͒, we have
where ⌬ Pϭ P*Ϫ P 0 . In Table III we list the measured val- Table III . The pressure increment, ⌬ Pϭ P*Ϫ P 0 , and the no return depth ͑bottom of the air bubble as reference point͒, ͉x nr ͉ϩ e * , as given by Eq. ͑17͒ and experiment for tubes of type 2 ͑see Table I͒. The measurements were performed by attaching a small metallic clip to the test tube and using a magnet to move it up and down to detect the unstable equilibrium point. For tubes of type 2, e *ϭ6.51Ϯ0.18 cm ͑see ues for ⌬ P and the corresponding values for ͉x nr ͉ϩ e * calculated from Eq. ͑17͒. The use of Eq. ͑16͒ ͑with Pϭ P 0 ͒, for obtaining ͉x nr ͉ϩ e * from direct measurements of l 0 , was inconvenient because the range for l 0 turned out to be too narrow if ͉x nr ͉Ͻ1 m, as required by our experimental setup.
In another set of experiments we measured directly ͉x nr ͉ ϩ e * for the external pressure P 0 ͑see the last column in Table III͒ . We found good agreement.
V. CONCLUSIONS
We performed a theoretical and experimental study of the Cartesian diver using test tubes with trapped air bubbles. We observed that the floating equilibrium of the diver is no longer an energy minimum when the external pressure is changed, and that the diver placed below a certain depth, which depends on the pressure, never returns to the surface. These surprising results arise simply from a combination of Boyle's law and Pascal's principle, which determine the length of the air column inside the tube and from Archimedes' principle, which determines the buoyancy.
The system is described by a fold catastrophe potential. Thus, a floating diver, at a given critical pressure, sinks spontaneously. If the vessel is high enough, the sunk diver will never come up, even if the pressure is reduced. This irreversible behavior of the fold catastrophe contrasts with the reversible character of cusp catastrophes ͑usually with hysteresis͒. As far as we know, this is one of the few physical examples showing a fold catastrophe behavior ͑a situation described in Ref. 14 is another example͒. 
LOOKING DOES NOT ALWAYS LEAD TO LEARNING
Children can look at pendulums, as children and adults did for thousands of years, without seeing any of the scientific properties of the pendulum, without experiencing any dissonance. They will begin to have knowledge of the pendulum not when they look and discuss, but when they are effectively taught by teachers who have mastered the science and mathematics of pendulum motion and can convey this knowledge in a meaningful and engaging manner. This could mean giving lectures, setting pages of text to read, organizing practical work and setting investigative questions, arranging small group discussions and so on. Submitted by Alan J. DeWeerd.
